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Vector fields on g(^|^(C)-flag 
supermanifolds^ 

E. G .Vishnyakova 


Abstract 

The main result of this paper is the computation of the Lie super¬ 
algebras of holomorphic vector fields on complex flag super manifolds, 
introduced by Yu.I. Manin. We prove that with several exceptions 
any holomorphic vector field is fundamental with respect to the nat¬ 
ural action of the Lie superalgebra g[^|„(C). 


1 Introduction 

It is a classical result that all holomorphic vector helds on a flag mani¬ 
fold in C” are fundamental for the natural action of the general linear Lie 
group GL„(C). More precisely the Lie algebra of holomorphic vector fields 
on a flag manifold is isomorphic to pg[„(C). Similar statement holds with 
some exceptions for flag manifolds that are isotropic with respect to a non¬ 
degenerate symmetric or skew-symmetric bilinear form in C”. These results 
were obtained by A.L. Onishchik in 1959, see example [A] for details. 

In [Man] Yu.I. Manin constructed four series of complex compact homo¬ 
geneous supermanifolds corresponding to four series of classical linear Lie 
super algebras: 0 lm|n(C), osp^|„(C), 7 rsp„(C) and qn(C), see [Kac] for pre¬ 
cise definitions. The present paper is devoted to the calculation of the Lie 
superalgebras of holomorphic vector helds on complex hag supermanifolds 
corresponding to the Lie superalgebra 0 lm|„(C). It turns out that under some 
restrictions on the hag type all global holomorphic vector helds are funda¬ 
mental with respect to the natural action of the Lie superalgebra 0 l^|„(C). 
In case of super-Grassmannians the similar result was obtained in [OS]. 

In the present paper we study hag supermanifold of type in the 
vector superspace C™!". Here we put k = (fci, ... ,kr) and I = (/i,..., G) 
such that 

0 < kr < ... < ki < m, 0 < L ... < < n and , , 

0 < kr + Ir < ■ ■ ■ < ki + li < m + n. 
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The number r is called the length of F^j”. The idea of the proof is to use 

results of [OS] and the following fact. For r > 1 the supermanifold is the 
total space of a holomorphic superbundle with base space isomorphic to the 
super-Grassmannian F^|”^ and the hber isomorphic to a flag supermanifold 
of length r —1. The projection of this superbundle is equivariant with respect 
to the natural actions of the Lie supergroup GLm|„(C) on the total space and 
base space of F^j”. 

Let p : Ai Bhe a morphism of supermanifolds. A vector held v dehned 
on Ai is said to be projectable with respect to p if there is a vector held Vi 
on B such that 

= v{p*{f)) 

for any / G Ob- A vector held n on Ad is called vertical if it is projected to 
0. If p is a projection of a superbundle, then every projectable vector held v 
is projected to a unique vector held Vi. In [B] the following statement was 
proven. If p : Ad —)■ 13 is the projection of a superbundle with hbre S with 
Os (Bo) = C, this is any global holomorphic function on S is constant, then 
every vector held on Ad is projectable with respect to p. Denote by t)(Ad) 
the Lie superalgebra of holomorphic vector helds on Ad. If (^^(iSo) = C, we 
have a map 

r : v(Ai) -> V(B). 

This map is a Lie superalgebra homomorphism, and its kernel KerP is the 
set of all vertical vector helds. 

Gonsider the superbundle F^j”. The space of global holomorphic func¬ 
tions Os(Bo) was computed in [V3]. It was shown that Os(Bo) = C under 
some restrictions on the hag type k\l. Therefore, in general all holomorphic 
vector helds on Ad are projectable to the super-Grassmannian B = F^|”^ and 
we have the following homomorphism of Lie superalgebras 

From the equivariance of p with respect to the actions of GLm|n(C) it follows 
that the natural Lie algebra homomorphisms 

: 0Ih„(C) ^ o(Fi;l”) and W : 0 Ih„(C)-> tJ(F 5 ‘_) 

satisfy the relation = P o p. Assuming that the homomorphism p^ is 
surjective, in other words assuming that 

- p0i™i«(c). 
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we see that V is also surjective. The main goal of this paper is prove that V 
is injective. Then V is invertible and we have 

p = V~^ ope. 


Therefore, 

The main result of this paper was announced in [V4] in case 0 < < 

... < ki < m and 0 < Ir ■ ■ ■ < h < n and the idea of the proof was sketched 
in [VI] also in this case. Here we give the proof in general case. Our main 
result is the following. 

Theorem. Assume that r > 1 and that we have the following restrictions 
on the Bag type: 


{kiji) ^ i > 2 ; 

{ki_i, ki\li_i, k) ^ ( 1 , - 1 ), ( 1 , 1 ), i > 1 ; 

{ki-i, ki\li-i, k) ^ ki-i - 1 | 1 , 0 ), 1 | 1 , 1 ), i> 1 ; 

k\l 7 ^ ( 0 ,..., 0 |n, /s,..., Ir), k\l 7 ^ (m, /cs,..., /Cr| 0 ,..., 0 ). 

Then 

If k\l = (0,..., 0|n, / 2 ,..., Ir) or k\l = (m, k 2 , ■ ■ ■ ,kr\0,... ,0), then 

^ e(/\(ei, . . . , Un) ® P0tn(C)), 

where Wmn = Der .. • ) ^mn) ■ 


2 Preliminaries 

2.1 Flag supermanifolds 

We will use the word “supermanifold” in the sense of Berezin and Leites 
[BLj. Throughout we will restrict our attention to the complex-analytic ver¬ 
sion of the theory. Recall that a complex-analytic superdomain of dimension 
is a Z 2 -graded locally ringed space of the form 

^ ®c /\(f))) 

where fFuo is the sheaf of holomorphic functions on an open set Uq C C® 
and l\{t) is the Grassmann algebra with t generators. A eomplex-analytic 
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supermanifold of dimension s\t is a Z 2 -graded locally ringed space that is 
locally isomorphic to a complex-analytic superdomain of dimension s|f. We 
will denote a supermanifold hy M. = where M.q is the underlying 

complex-analytic manifold and Om is the structure sheaf. 

Let us give an explicite description of a flag supermanifold in terms of 
charts and local coordinates (see also [Man, V3]). Let us take two non¬ 
negative integers m, n G Z and two sets of non-negative integers 


k = {ki,... ,kr) and I = {li,... Jr) 

such that (1) holds. The underlying space of the supermanifold is 

the product F™ x F" of two flag manifolds of types k = (/ci,..., /c^) and 

/ = ill,... Jr) in the vector spaces C™' and C”, respectively. Let us £x two 
subsets 

Jso C /Cs-i} and Isi C {I,... Js-i}, 

where ko = m and Iq = n, such that \IsJ = kg, and \Isi\ = h, for any 

s = 1, ..., r. We put Is = {Iso, Isl) and I = (Ji,..., J^). We assign the 

following {ks-i + Is-i) X {kg + /s)-matrix 


= 




, s = l,...,r, 


( 2 ) 


to any Ig. Here we assume that 


X, = (x^j) e Matfc^_ixfc,(C), Yg = iyl^) e MaL^_,xi,(C), 

are even elements and elements of the matrices = {rjl^) are 

odd. We also assume that contains the identity submatrix of size 

{kg -f Ig) X {kg -f Ig) in the lines with numbers i G IgQ and kg-i + i, i E Igi. 
For example in case 


IgQ i^kg—i kg -|- 1,..., , Igi -j- 1,..., ij" 

the matrix Zj^ has the following form; 


/ X, 

s. \ 

Eks 

0 


w 

^ 0 

K) 


Here Eg is the identity matrix of size qx q. For simplisity of notation we use 
here the same letters Xg, Yg, Eg and H^ as in (2). 
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We see that the sets Jg = (/lo, • • •, Iro) and Ii = {Iii, ..., Iri) determine 
the charts and V/j on the flag manifolds F™ and F”, respectively. We 
can take the non-trivial elements (i.e., those are not contained in the identity 
snbmatrix) from Xg and W as local coordinates in Uj^ and Uj^, respectively. 
Snmming np, we have defined the following atlas on F™ x F”: 


{U, = U,, X [/,,} 

with charts are parametrized by J = (J^). The sets Jg and Jj also deter¬ 
mine the snperdomain Uj with nnderlying space Uj and with even and odd 
coordinates xfj, and rjfj, respectively. (As above we assnme that xfj, 
ytj) iij and rjfj are non-trivial. That is they are not contained in the identity 
snbmatrix.) Let us define the transition functions between two superdomains 
Uj and Uj that correspond to / = (A) and J = (Jg), respectively, by the 
following formulas: 


Zj, = Zj^C 


-1 




^. 7 . = c 


^S — l'^S — 1 


XisJs 


s>2. 


( 3 ) 


Here Cj^j^ is an invertible submatrix in Zj^ that coinsists of the lines with 
numbers i G J^g and kg-i + i, where i G Jgi. In other words, we choose the 
matrix in such a way that Zj^ contains the identity submatrix 
in lines with numbers i G J^g and kg^i -|- i, where i G Jgi- These charts 
and transition functions define a supermanifold that we denote by F^j”. 
This supermanifold we will call the flag supermanifold of type k\l. In case 
r = 1 this supermanifold is called the super-Grassmannian and is denoted 
by GYm\n,k\l- 

Let Ai = {A4o,Om) be a complex-analytic supermanifold. Denote by 
T = Ver {Om) the sheaf of vector fields on Ad. It is a sheaf of Lie superal¬ 
gebras with respect to the following multiplication 

[X, Y]=XY - {-lYA)p{y)YX. 


The global sections of T are called holomorphic vector fields on Ai. They 
form a complex Lie superalgebra that we denote by ti(Ad). This Lie super¬ 
algebra is finite dimensional in case when Ado is compact. The goal of this 
paper is to compute the Lie superalgebra t)(Ad) when Ad is a flag superman¬ 
ifold of type k\l in 

As usual we denote by 0tm|n(^) the general Lie superalgebra of the su¬ 
perspace It coinsists of the following matrices: 

( C D ) ’ ^ ^ 0L(Q and B G 0 t„(C). 
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Denote by GLm|n(C) the Lie supergroup of the Lie superalgebra 0lm|n(C). 
(See [V5] for more information about Lie supergroups.) In [Man] an action 
of GLm|n(C) on the supermanifold was dehned. In our coordinates this 
action is given by the following formulas: 

(L, I—^ where 

L e GL^i^C), Zj^ = LZj^C^\ Zj^ = Cs-iZi^C:\ 

Here Ci is an invertible submatrix in LZi^ that consists of the lines with 
numbers i G Jig and m+i, where i G Jn, and G*, where s > 2, is an invertible 
submatrix in Cs-iZj^ that consists of the lines with numbers i G J^g and 
ks-i+ii where i G Jis- This Lie supergroup action induces a Lie superalgebra 
homomorphism 

In case r = 1 in [OS, Lemma 1] it was proven that Ker/i = {Em+n)i where 
Em+n is the identity matrix of size m + n. In general case r > 1 we also have 
Ker/i = {Em+n) and the proof is similar to [OS, Lemma 1]. We see that /i 
induces an injective homomorphism of Lie superalgebras 

We will show that with some exceptions this homomorphism is an isomor¬ 
phism. 

2.2 Superbundles and projectable vector fields 

Recall that a morphism of complex-analytic supermanifolds At to A/” is a 
pair / = (/o, /*), where /o : Ato —)■ A/q is a holomorphic map and /* : Oj^ 
{fo)*{OM) is a homomorphism of sheaves of superalgebras. 

Definition 1. A superbundle is a set (At, H,p, S), where S is hber, B is base 
space. At is total space and p = {po,p*) ; At ^ H is projection, such that 
there exists an open covering {Ui} on Bq, isomorphisms : {pQ^{Ui), Om) 
{Ui, Ob) X S and the following diagram is commutative: 


{Po\U,)^ Om) -^-> (t/., Ob) X 5 


p 


pr 


(G, Ob) ---> (G„ Ob) 

td 


6 



where pr is the natural projection. 

Usually we will denote a superbundle just by Ai. 

Remark. From the form of transition functions (3) it follows that for r > 1 
the supermanifold is a superbundle with base Gr^inMlh fiber ■, 
where k' = {k 2 ,... ,kr) and I' = {I 2 ,... Jr)- In local coordinates introduced 
above the projection p is given by 


(Zi, Z2,... Zn) I —> (Zi). 

Moreover, Formulas (4) tell us that the projection p is equivariant with re¬ 
spect to the action of the supergroup GLm|n(C) on and GYm\n,ki\h- 

Let p = {po,p*) : Ai Af he a morphism of supermanifolds. 

Definition 2. A vector field v G is called projectable with respect to 

p, if there exists a vector field vi G o(A/') such that 

Pjvjf)) = v{p*{f)) for all / G O^- 

In this case we say that v is projected to Vi. 

Projectable vector fields form a super Lie subalgebra d(A 4) in d(A 4). In 
case if p is a projection of a superbundle, the homomorphism p* : Oj^ —)■ 
P*{Om) is injective. Hence, any projectable vector field v is projected into 
unique vector field Vi = V{v) and we have the following map 

V : F(Ai) — d(A/’), V I—)■ Vi- 

It is a homomorphism of Lie superalgebras. A vector field v G X){Ai) is called 
vertical, if V{v) = 0. Vertical vector fields form an ideal KerR in D(Ad). 

We will need the following proposition proved in [B]. 

Proposition 1. Let p : Ai ^ B be the projection of a superbundle with 
hber S. Assume that (^^(iSo) = C, i.e. any global holomorphic function is 
constant. Then any holomorphic vector held from t)(Ad) is projectable with 
respect to p and we have a homomorphism of Lie superalgebras v : o(Ad) —)■ 
x>{B). 

Let p : Ai ^ B he a superbundle with fiber S. We define the sheaf 
W on Bo in the following way. We asign to any open set U C Bq the set 
of all vertical vector fields on the supermanifold {pq^{U),Om)- In [VI] the 
following proposition was proven. 

Proposition 2. Assume that Sq is compact. Then W is a localy free sheaf 
of Os-modules and dimW = dime (5). 
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Clearly, the Lie algebra W(i3o) coincides with the ideal of all vertical 
vector helds in Let us describe the corresponding to W graded sheaf. 

Consider the following hltration in Ojg 

Ob = ... 

where JL is the sheaf of ideals in Os generated by odd elements. We have 
the corresponding graded sheaf of superalgebras 

= where {dts)p = 

p>0 

Putting >V(p) = J'PyV we get the following hltration in W; 

>V = >V(o) D >V(i) D .... (5) 

We dehne the Z-graded sheaf of J^Bg-modules by 

W = 0Wp, where = >V(p)/W(p+i). (6) 

p>0 

Here is the structure sheaf of the underlying space jBq. The Z 2 -grading in 
>V(p) induces the Z 2 -grading in VVp. Using Proposition 2 we get the following 
result. 

Proposition 3. Assume that Sq is compact. Then Wo is a locally free sheaf 
of fFso-^odules. Any fiber of the corresponding vector bundle is isomorphic 
to d(iS). 

2.3 The Borel-Weyl-Bott Theorem 

To calculate the Lie superalgebra of vector helds we will use the Borel- 
Weyl-Bott Theorem, see for example [A] for details. This theorem permits 
to compute cohomology with values in a holomorphic homogeneous bundle 
over a hag manifold. For completeness we formulate it here adapting to our 
notations and agreements. 

Let G = GLm(C) x GL„(C) be the underlying space of GLm|n(C), P be 
a parabolic subgroup in G and R be the reductive part of P. Assume that 
—)■ G/P is the homogeneous vector bundle corresponding to a represen¬ 
tation (fi oi P in E = (E(^)p. Denote by the sheaf of holomorphic section 
of this vector bundle. In the Lie superalgebra 0lm|n(C)o — 0lm(C) ® 0lm(^) 
we hx the Cartan subalgebra t = ti © t 2 , where 


ti = {diag(/ii,... and ts = {diag(Ai,..., A„)}, 



the following system of positive roots: 


A+ = A+ U A 2 +, 

where 

A+ = {/i* - fij, i < j} and A^ = {\p - \g, p < q}, 
and the following system of simple roots $ = $1 U $ 2 , where 

$1 {Ol, ..., Pi Pi+1) *^*2 {(^1) ■■■) ) f^p ^p -^p+l • 

Denote by t*(M) a real subspace in t* spaned by pj and A*. Consider the 
scalar product (, ) in t*(M) such that the vectors pj, A* form an orthonormal 
basis. An element 7 G t*(M) is called dominant if ( 7 , a) > 0 for all a G A+. 

Theorem 1. [Borel-Weyl-Bott]. Assume that the representation (p : P ^ 
GL(i?) is completely reducible and Ai,A* are highest weights of(p\R. Then 
the G-module H^{G/P, £p) is isomorphic to the sum of irruducible G-modules 
with highest weights Aj^,Aj^, where A*^ are dominant highest weights. 

2.4 Holomorphic functions on flag supermanifolds 

Holomorphic functions on homogeneous supermanifolds and in particu¬ 
lar on flag supermanifolds were studied in [V3]. It is well-known that any 
holomorphic function on a connected compact complex manifold is constant. 
This statement is false for a supermanifold with a connected compact under¬ 
lying space. However in case of flag supermanifolds the following theorem 
holds true: 

Theorem 2. [V3] Consider the hag supermanifold Ai = F^j”. Assume that 

(kjl) ^ (m,..., m, ks+ 2 , ■ ■ ■, kr)j(h, ■ ■ ■, C, 0, ■ ■ ■, 0), 

(kjl) ^ (fci,..., A;s, 0 ,... , 0 )|(n,... ,n,/^+ 2 , • • -X), 

for any s > 0. Then OMiAio) = C. In other words under conditions (7) any 
holomorphic function on is constant. 

Otherwise 

F’Sf - (Pt,X (F'i'X 

and OM(Aio) = l\{jnn), where /\{mn) is the Grassmann algebra with mn 
generators. 
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3 Vector fields on flag supermanifolds 

3.1 Vector fields on super-Grassmannians 

In previous sections we have seen that Grm\n,k\i ^ GLm|n(C)-honiogene- 
ous superspace. The action of GLm|n(C) on Gr^in.fcii is given by Formulas 
(4). This action induces the Lie algebra homomorphism 

h" • 0im|n(G) t ^{Grm\n,k\l)- 

The kernel of this homomorphism is eqaul to (Em+n), [OS, Lemma 1]. Fur¬ 
ther we will use the following notation: 

P0im|n(G) ;= 0lm|n(G)/ (Em+n) ■ 

The Lie superalgebra of holomorphic vector helds on super-Grassmannian 
k\i was computed in [Bun, OS, Oni, Ser], 

Theorem 3. The homomorphism p, : 0 [^|^(C) —)■ \:>{Grm\n,k\i) is almost 
always surjective and 


— P 0 lm|n(G). 

The exeptional cases are the following. 

1.1 For the super-Grassmannian Gr2|2,i|i we have 

0(Gr2|2,l|l) — pst 2 | 2 (* 0 )$ 512(C), 
where ps[2|2(C) = 5 l 2 | 2 (C)/< E4 >. 

1.2 For Gri|„,o|n-i ^ Gr„|i,„_i|o ~ Gr^li^q ~ Gri|„,i|i, n > 2 , we have 

o(Gri|„,o|n-i) ^lVn = Der/\((i ,... ,Cn). 

1.3 In the degenerate case Grm|n,o|n — GYm\n,m\o we have 

d(F;JJ;) ~ = Der/\(Ci,.. 

1.4 For Gr2|2,o|i — Gr2|2,i|o — Gr2|2,i|2 — Gr2|2,2|i we have 

t)(Gr2|2,o|i) — H4^ ( z ), 

where adz acts on the Lie superalgebra of Cartan type H4 as the 
grading operator. 
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In case 


Q<k<m and 0 < / < n, (m|n, A;|/) 7 ^ ( 2 | 2 , 1 | 1 ), 

the Lie superalgebra of vector fields was computed in [OS]. Results 1.1 
and 1.2 of Theorem 3 were obtained in [Bun] (see also [OS] for an explicit 
description of the Lie superalgebra) and [Oni, Ser], respectively. Result 1.3 
of Theorem 3 is obvious. Result 1.4 of Theorem 3 follows from arguments 
in [Ser], Proof of Theorem 2.6. Note that in the statement of Theorem 2.6 
in [Ser] and also in [OS, Theorem 7] the Lie superalgebra of vector helds in 
case 1.4 was pointed incorrectly. 

We will need an explicit description of the Lie superalgebra of holomorphic 
vector helds on Gr 2 | 2 ,i|i, Case 1.1 of Theorem 3, in the following local chart 



The image of 0 t 2 | 2 (*^)o with respect to the homomorphism /i from Theorem 
3 is given by: 


Ix{E2i) = - XT]— - x^— + ^7] — , ]T{E3i) = —, 


07] oy 

d d ^ d 


dy 

d d 


ME.,) = ME,,) = 

d d 

The image of 0 t 2 | 2 (C)i with respect to the homomorphism y from Theorem 
3 is given by: 

MEu) = §i, ME„) = -^, ME.,) = r,E + 

d d Odd 

h(^ 3 i) = + X—, ]i{E 2 z) = -xy- - xy— + yr/—, 

Oy Or] Ox 0^ Oy . ^ 

d d d d d 

ME..) = -!/?aj - me,.) = 

/r. ^ d d 

ME.,) = -v^^+i^^. 
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Additional holomorphic on Gr 2 | 2 ,i|i vector fields are 


d , d 


A direct computation shows that 


d d 

0(Gr2|2,l|l) ^ pgl2|2(C)o ® P0l2|2(C)i © {v-^, 


( 10 ) 


( 11 ) 


as 0 [ 2 | 2 (^)o-'^odules. 

Let us give an explicit description of the Lie superalgebra of holomorphic 
vector fields on Gr 2 | 2 ,i| 2 , Case 1.4 of Theorem 3 in the following local chart 


[ X 6 \ 

1 0 0 
0 1 0 
VO 0 1 / 


( 12 ) 


The definition of the Lie superalgebra H 4 can be found in [Kac]. For com¬ 
pleteness we remind it here. We have H 4 C Der /\( 6 *i,..., 6 * 4 ) and H 4 consists 
of all elements in the form: 


= /(o) = 0' 


2=1 


89i 89 1 


The Lie superalgebra H 4 is Z-graded and in chosen chart the image of an 
injective homomorphism H 4 —)■ D(Gr 2 | 2 ,i| 2 ) is given by the following vector 
fields: 

- / 8 8 8 8 \ 

(H4)-i = (^, X—, X—); 

\8^i 8^2 8^1 8^2/ 

~ / 8 8 8 8 8 8 

(H4)o — , X— - X— - 

\ OX ox OX 0^2 ^^2 


8 8 8 2 8 \ 


8 


8 


8 8 8 8 ^ 

(H4)i = (,^1 —, '^2^, -^'^2^-'^l'^2rj* 

OX ox ox 0^2 


(H 


4 2 


= (9 = 66 


8x1 


The Z-graded operator mentioned in Theorem 3 is given by: 

8 8 

<96 <96 


(13) 
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We will call the super-Grassmannians from 1.1-1.4 of Theorem 3 excep¬ 
tional. Note that the super-Grassmannian Gro|n,o|i — Gr„|o,i|o is just usual 
Grassmannians isomorphic to Gr„ ^ It is well-known that 


o(Gr„,z) ~ p0t„(C), 

see [A] for details. 

3.2 Vector fields on flag super manifolds. Main case 

Assume that r > 1. From now on we use the following notations: 

M = B = Grm\nM\h and 5 = 

where k' = (k2,... ,kr) and I' = {I2, If C> 5 (iSo) = C, then by Proposi¬ 
tion 1 the projection of the superbundle Ai ^ B determines the homomor¬ 
phism of Lie superalgebras 


V ; o(Af) -> o(i3). 

This projection is GLm|n(G)-equivariant. Hence for the natural Lie superal¬ 
gebra homomorphisms /i : 0tm|n(G) —)■ t)(At) and /ig ; 0lm|n(G) —)■ d(H) we 
have 

jj,^ = p op. 

By Theorem 3, the homomorphisms /ig and hence the homomorphism V is 
almost always surjective. We will prove that V is injective. Hence, 

/i = P"^o/ie (14) 


is surjective and 

In previous section we constructed a locally free sheaf W on Bq. The sheaf 
W possesses the natural action of the Lie group G = GLm(C) x GL„(C), be¬ 
cause G is the underlying space of GLm|n(C). This action preserves the 
hltration (5) and induces the action in the sheaf W. Hence the vector bun¬ 
dle Wo ^ Ho corresponding to the localy free sheaf Wo is homogeneous. 
Gonsider the local chart on the super-Grassmannian B corresponding to 

ho = — ki -\-1,..., m} and Jii = {n — /i -|- 1,..., n}. (15) 
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The coordinate matrix Zj^ in this case has the following form 


/ 

Xl 


\ 


Eki 

0 



Hi 

W 


V 

0 

El, 

) 


Denote by o the point in Bq dehned by the following equations: 


( 16 ) 


X, = K, = =1 = Hi = 0 . 

Then Bq is naturally isomorphic to G/H, where H is the stabilizer of o. An 
easy computation shows that H contains all matrices in the following form: 


/ 

Ai 

0 

0 

0 

\ 


Cl 

Bi 

0 

0 



0 

0 

A2 

0 


V 

0 

0 

G2 

B2 

) 


( 17 ) 


where 


Ai G GLm-fci(C), A 2 G GL„_;j(C), Bi G GLfc^(C) and B 2 G GL;^(C). 
The reductive part i? of if is given by the following equations 

Ci = 0, i = l,2. 

Let us compute the representation of iL in the hber (Wo)o of Wq over 
the point o. We identify (Wo)o with the Lie superalgebra of holomorphic 
vector helds 0(5), see Proposition 3. Let us choose an atlas on Ai dehned 
by Ji = (Jio, Isi), see (15), and by certain A, s = 2,... ,r. In notations (16) 
and (17) the group H acts in the chart dehned by in the following way: 


( Ai 

0 

0 

0 

\ 


( 


\ 


f 

AiXi 

Aii=.i ^ 

Cl 

Bi 

0 

0 



Ek, 

0 




CiXi + Bi 

C'lSi 

0 

0 

A2 

0 



Hi 

Yi 




A2H1 

A2Y1 

V 0 

0 

C2 B2 

) 


V 0 

El, 

) 


\ 

G2H1 

C2Y1 + B2 ) 


Hence, for Zj^ we have 

f GiXi + Hi GiSi \ / X 2 “2 \ ^ 

V G 2 H 1 G 2 F 1 + H 2 J\}l2 Y 2 ) 

^ / (GiXi + B,)X 2 + GiSi H2 (GiXi + Hi)S2 + G1S1F2 \ 

y C 2 Hi X 2 + (G 2 L 1 + B 2 ) H 2 C 2 Hi .^2 + {C 2 Y 1 + 52 ) 1^2 J 


14 



Note that the local coordinates of s > 2, can be interpreted as local 
coordinates on the hber S of the superbundle Ai. To obtain the action of H 
in the hber (Wo)o in these coordinates we put 

Xi = Yi = 0 and Si = Hi = 0 


in (18) and modify Zj^, s > 3, accordingly. We see that the nilradical of 
H and the subgroup GLm_fc^(C) x GLji_;^(C) in R act trivially on S and 
that the subgroup GL^^ (C) x GL;^ (C) C R acts in the natural way. In other 
words the action of hf in 5 over o is given by the following formulas: 

/Hi 0 \ / X 2 “2 \ ^ / H 1 X 2 H 1 S 2 
\ B 2 ) \ Y 2 ) V ^2 H 2 H 2 F 2 

This means that H acts as the underlying space of the Lie supergroup 
GLfc^|;j(C) on the hag supermanifold 5, see (4). Furthermore assume that 

0(5) = {( I ) + 5 >} • 



where Zi G 0 tfcj(C) and Z 2 G gl;^(C). Then the induced action of the Lie 
group GLfcj(C) X GL;j(C) on (Wo)o = 0(5) coinsides with the adjoint action 
of the underlying Lie group of the Lie supergroup GLfc^|;j(C). More precisely, 
we have 


/ 5i 0 
\ 0 H 2 


Zi Ti 
T2 Z2 



+ < E, 


/ci+/i 


> 


0 \ 
0 B^^ ) 


B,T,B^^ 
B2Z2B2 ^ 


+ < >, 


( 20 ) 


where Hi G GLfci(C) and H 2 G GL/j(C). 

Denote by Ad^^ and Ad/j the adjoint representations of GLfcj(C) and 
GL;^(C) on sh^(C) and 5 [;j(C), respectively, and by and pi^ the standard 
representations of GLfc^(C) and GL;^(C) in and respectively. We 
denote by 1 the one dimensional trivial representation of GLfcj(C) x GL;j(C). 
The following lemma follows from (20). 

Lemma 1. The representation 'ip of H in the hber (Wo)o = 0(5) is com¬ 
pletely reducible. The nilradical of H acts trivially in (Wo)o- If 0(5) ~ 
9hi\h(Q/{Bki+h}, then 


( Adfci + Adzi +Pki G) p/ + Pp (g) Pfcj + 1 for ki,li> 0, 
'iplR = < Adfcj for ki > 0 , /i = 0 , 

I Ad/j for ki = 0 , /i > 0 . 


( 21 ) 
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Further we will use the chart on dehned by Ig = Igo U where Iii 
is as above, and 

IgQ kg -|- 1 ,..., kg—^y , Igi 1 ,..., 

for s > 2. The coordinate matrices of this chart have the following form 


= 


Eks 0 

H. n 

0 -£//„ 


, s = l,...k, 


where again the local coordinates are 

X, = n = (j/*), H. = (?•,.) and H, = (4). 

We denote this chart by U and the corresponding chart on Bhj Ub. In other 
words, Ub is given by the coordinate matrix (16). 

Lemma 2. The vector Gelds and are fundamental. This is they are 
induced by the natural action of GLm|n(C) on M. 

Proof. Let us prove this statement for example for the vector held This 
vector held corresponds to the one-parameter subgroup exp(ri?i^a), where 
a = m-|-n — and r is an odd parameter. Indeed, the action of this 

snbgroup is given by 


Xi Si 
Eki 0 
Hi W 
0 Ei^ 


Xi Si 

Eki 0 

Hi W 

0 Ei^ 


and Zi^ Zj^, s > 2, 


where 


^ 

Ssm—/ci,l * * * Sm— 


Let US choose a basis n*, where i = 1,.. .dim(o(iS)), in ti(iS). Any holo- 
morphic vertical vector held on Ad can be written nniqnely in the form 
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where fq are holomorphic functions on U depending only on coordinates from 
Z/j. We will need the following two lemmas: 

Lemma 3. If KerV ^ { 0 }, then dim>V(o)(i3o) > dim>V(i)(i3o)- 

Note that since Bq is compact, dim>V(i)(i3o) < oo for all i. 

Proof. By dehnition we have the inclusion of sheaves W(i) W’(o) and hence 
we have the inclusion of the vector spaces of global sections 

hV(i)(i3o) ^ hV(o)(i3o)- 

Therefore we need to show that there exists a vector held v G W(o)(i3o) such 
that V ^ Consider a vector held w G >V(i)(i3o) written in the form 

( 22 ). Assume that there is a function fq that depends for example on odd 
coordinate Then w = ffw' + w”, where w' and w” are local vertical 
vector helds and their coefficients ( 22 ) do not depend on and w' ^ D. 
Using Lemma 2 and the fact that KerP is an ideal in D(Ad), we see that 

d 

w' = G KerP. 

In particular, w' is a global vertical vector held. In this way we can exclude 
all odd coordinates and rjf. Therefore there exists a vector held v from 
KerP such that v G W(o)(i3o) but v ^ >V(i)(i3o).n 

Lemma 4. We have 

" C, 0 < /ci < m, 0 < /i < n; 

ti © r 2 © C, 1 < ki = m, 0 < h < n; 

ts © r 4 © C, 0 < ki < m, 1 < /i = n; 

r 2 © C, 1 = ki = m, 0 < li < n; 

^ ts © C, 0 < /ci < m, 1 = /i = n; 

>Vo(i3o) — < { 0 }, 0 < fci < m, 0 = /i < n, or (23) 

0 = ki < m, 0 < li < n, or 

0 = ki < m, I = h < n, or 

1 = ki < m, 0 = /i < n; 

ti, 1 < ki = m, 0 = li < n; 

^ t 4 , 0 = fci < m, 1 < /i = n, 

where ti, t 2 , ts, t 4 are irreducible s[m(C) © s[„(C)-modules with the highest 
weights Hi — Hm, Hi — An, Ai — Hm and Ai — An respectively. The trivial 
1-dimensional module C corresponds to the highest weight 0. 

Proof. We compute the vector space of global sections of Wq using the Borel- 
Weyl-Bott Theorem 1. The representation of id in (Wo)o is described in 
Lemma 1. From (21) it follows that the highest weights of ip have the form: 
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• /^m—/ci +1 l^m—ki +1 ^n—li +1 -^n—/i+l 0 for /Ci, li ^ 1 , 

• /^m -^n—/i+l -^n—/i+l 0 fo^ ^1 1 ? ^1 ^ I 7 

• /^m—/ci +1 f^mt /^m—fci +1 '^n? -^n /^m: 0 fo^ ^1 ^ I 5 ^1 

• f^m ^W) ^n f^rm 0 for ki I 7 ^1 I 7 

• /^m—/ci +1 k'm fo^ ki 1 , /l 0 , 

• Xn-h^l - An for ki = 0 , /i > 1 . 

(Note that for /ci = 1, /i = 0 and fci = 0, /i = 1 the representation space of 
%[) is trivial.) Therefore the dominant highest weights of %[) have the following 
form: 

• 0 , if 0 < ki < m and 0 < /i < n; 

• 0 , /ii — Umi /Ui — An, if 1 < /ci = m, 0 < /i < n; 

• 0 , /ii — An, if 1 = /ci = m, 0 < /i < n; 

• 0 , Ai — An, Ai — /im, if 0 < /ci < m, 1 < /i = n; 

• 0 , Ai — Hrri) if 0 < fci < m, 1 = /i = n; 

• /ii — /im, if 1 < A;i = m, 0 = /i < n; 

• Ai — A„, if 0 = /ci < m, 1 < /i = n. 

We have no dominant weights in the following cases: 

• 0 < /ci < m, 0 = /i < n; 

• 0 = /ci < m, 0 < /i < n; 

• 0 = /ci < m, 1 = /i < n; 

• 1 = /ci < m, 0 = /i < n. 

By Borel-Weyl-Bott Theorem we get the result.□ 

We are ready to prove the following theorem. 

Theorem 4. Assume that r > 1. If 

Os{So) = C, d( 5) ~ pglfc^|;^(C), {hji) ^ (m,0) and ^ (0,n), 

then KeiV = {0}. 
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Proof. Consider the super-stabilizer "H C GLm|n(C) of o. It contains all 
super-matrices of the following form; 


/ dll 

0 

* 

0 

\ 

Cl 

Bi 

* 

Di 


* 

0 

^2 

0 


V * 

D2 

^2 

B2 

/ 


(24) 


where the size of all matrices is as in Formula (17). Consider also the following 
Lie subsupergroup £ in "H; 


f B, D^\ 

\D2 B2 )■ 


Clearly, C ~ GLfcp;^(C). Repeating computations (18) for super-matrix (24), 
we see that C acts on S in the natural way, see (4), and the [-module (Wo)o — 
isomorphic to the adjoint [-module. Here [ ~ 0[fci|Zi(C) is the 
Lie super algebra erf £. 

Let TT : W —)■ Wo = W/W(i) be the natural map and tTo : W —)■ (Wo)o be 
the composition of tt and of the evaluation map at the point o. We have the 
following commutative diagram: 


W(Ho 


(W, 




0)o 


4 W(Ho) 




4 (w, 


0)o 


where X E I (Note that the vector space W(i3o) is an ideal in t)(A4) and in 
particular it is invariant with respect to the action of £.) Denote by V the 
image 7 ro(W(i 3 o)). From the commutativity of this diagram it follows that 


is invariant with respect to the adjoint representation of p 0 [fc^|Zj(C). There¬ 
fore, V is an ideal in p 0 [fcj|Zj(C). 

Let us describe ideals of the Lie superalgebra p 0 [fcj|i^(C), where {ki, /i) 7 ^ 
(1,1), see [Kac] for details. (The Lie superalgebra p 0 [i|^(C) is nilpotent. We 

do not consider this case here because C> 5 (iSo) 7 ^ C for 5 = F^ij^,.) This Lie 
superalgebra contains two trivial ideals / = { 0 }, p 0 [fc^|Zj(C) and it has one 
proper ideal 

Pslfci|fci(C) = 5[fcpfcj(C)/(i72fci) 

for ki = h- 
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Clearly, we have V C Im( 7 ), where 7 ; yVo(jtSo) (Wo)o is the evaluation 
map. By Lemma 4, we see that Im( 7 ) never coinsides with p 0 tfci| 7 (C) or 
Hence, V = {0}. In other words, all sections of 7r(>V(i3o)) are 
equal to 0 at the point o. Since Wq is a homogeneous bundle, we get that 
7r(>V(Ho)) are equal to 0 at any point. Therefore, 7r(>V(Ho)) = {0} and 

>V(Ho)(o) ^>V(Ho)(i). 

From Lemma 3 it follows that KerP = {Oj.D 

Using Theorem 4 and Formula (14), we get the following statement; 
Theorem 5. Assume that r > 1. If 

Os(S„) = C, tj(F7’‘)~P0U|„(C) and t,(F‘,7) ~ „,(€), 

then 

”(^3") - Mni„(c). 


3.3 Vector fields on flag super manifolds, some excep¬ 
tional cases 

3.3.1 The base B is an exceptional snper-Grassmannian 

Assume that r > 1 , Os{So) = C and B = is one of the following 

sup er- Gr assmanians: 

a) = Fiji" or F^jo, case 1.3 of Theorem 3. 

b) F™|” = F^j 2 or F^jp case 1.4 of Theorem 3. (We do not consider super- 
Grassmannians F^j^ and F^j^ here, because in these cases C> 5 (iSo) 7 ^ C.) 

c) F™|” = Fgj((_p where n > 2 , or where m > 2 , case 1.2 of 

Theorem 3. This case we will consider in a separate paper. 

d) F™|” = F^j^, case 1.1 of Theorem 3. In this case Os(So) 7 ^ C. We do 
not consider this case here. 

Case a. Without loss of generality we may consider only the case F^|”^ = 

In this case the base space is a superpoint, i.e. it is a superdomain 
with the underlying space {pt}, one point, and with mn odd coordinates. 
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Since is a superbundle with the base space isomorphic to a superpoint, 
we have 


= F[^|f X where /c' = (0,..., 0) and /' = {k,.. .,lr)- 

Our goal now is to prove the following theorem. 

Theorem 6. Assume that r > 1 and = (m, 0) or = (0,n). 

Then 

0(F^1") = e(/\(mn) 0P0[„(C)), 

where Wmn = Der(/\(mn)). 

Proof. The result follows from the following facts: 

= F^l” X F”,!",., Os(5o) = c, Ob(B„) = /\(mn), 

i>(fJ) ^F„„, tj(Fg”) P0l„(C). 


In more details, since ^^(iSo) = C, we have a Lie superalgebra homomor¬ 
phism 

V ; d(F™1") ^ d(F™^) ~ Wrr 


0 |n 


Since the bundle projection F^j” projection to the first 

factor 


F mln 

k\i 


p,m|n 

^0|n 


X —> F 

^ ^ k'\V ^ ^ 


m\n 
0 |n ’ 


all vector fields on can be lifted to F^j”. The kernel of V is isomorphic 
to l\{mn) ® pgl„(C). The proof is complete.□ 


Case b. Assume that r = 2. Without loss of generality we may consider 
only the case F™'” = F^j^. Under restriction C> 5 (iSo) = C the fiber S can be 
one of the following super-Grassmanians: 


5 



or F 


1|2 

o|r 


We have seen that t)(F^j 2 ) — H 4 $ {z), see (13), Theorem 3. A standard 
computation shows that the image of 0 l 2 | 2 (C) 

(H4)_i © (H4)o ® (H4)i ® { z ) ~ P0l2|2(*^)- 

Therefore, 

"(Fjj) ^ Pt)l,p(C) e (9), (25) 
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as vector superspaces. (See (13) for the definition of 6.) By Theorem 2 we 
have ^^(iSo) = C. Hence by Proposition 1 we have a homomorphism of Lie 
super algebras 

■P : t,(Fjl|^) ^ t.(F;P). 

By Theorem 3 we see that d(iS) ~ P 0 li| 2 (C)- Therefore by Theorem 4 the ho¬ 
momorphism V is injective. The vector helds from p 0 t 2 | 2 (C) are fundamental 
with respect to the action of the Lie superalgebra 0 [ 2 | 2 (^)- Hence they can 

be lifted to the flag supermanifold F^j^. Therefore we need to hnd V~^{6). 

We will show that 6 ^ Im(P), i.e. 6 cannot be lifted to F^j^. 

Theorem 7 . ITe have 

^(F(pi)|(2,i)) - P0^2|2(C) and o(F(|^o)|(2^^)) ^ p0l2|2(C). 


Proof. Consider the following chart on i)- 


Zi,= 


/ 

X 

6 

6 \ 


1 

0 

0 


0 

1 

0 

V 

0 

0 

1 / 


Zr. = 


1 0 

V y 
0 1 


(26) 


Assume that tc := P ^( 6 *) is well-defined. Since all vector helds on F^|^^^U .2 
are projectable, in cootdinates (26) w is equal to 6 * -f- u, where v = + g-^ 

is a vertical vector held and /, g are holomorphic functions in coordinates 
(26). Let us hnd / and g. We need the following fundamental vector helds 
on F^|^^^U ,2 written in coordinates (26): 


_ d d d d 

-Fi 3 I ^ Eia' -^ -F42 I—^ — '^ypr-’ 

(9(9 (9(9 

E32 '—> - E34 1— y “S1W7— 

UX UTj ^^2 


( 27 ) 


Here we denote by Eij the elementary matrix from g[ 2 | 2 (^)- 
Since KerP = {0}, using (27), we get 


(9 (9 (9/(9 dg d d d 

dfi ’ ^ ^(9a; dfi dy dfi dg dx ^dg' 

d , (9 (9/(9 dg d d d 

(9^2 ’ ^ ^dx (9^2 dy (9^2 dg ^dx dg 
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Hence, 


< 9 / _ dg _ of _ dg_ 

dil dil d^2 <96 

Furthermore, 

(9 d d df d dg d 

^ d ^2 ^ dg dy dy dy dg 

Hence, |“ = 0 and = —^i. Now we see that 

^ = -1 
d(,dy ' dydii 

This is a contradiction. Therefore, 

V-^{z) = 0 and ~ pg[ 2 | 2 (C). 

The proof in the case F^|^q^U ^2 i) is similar. □ 

3.3.2 The fiber S is an exceptional super-Grassmannian 

Assume that r = 2, Os(So) = C and S = is one of the following 

sup er- Gr assmanians: 

a) iS = F^jp case 1.1 of Theorem 3; 

b) iS = Fgjp F^jg, F^j2 or F^jp case 1.4 of Theorem 3; 

c) iS = FQjj|_^, or F^^9, where n > 2, case 1.2 of Theorem 3. 

d) iS = or F^jjp^ case 1.3 of Theorem 3. In both cases (^^(iSo) ^ C. 
We do not consider this case here. 

Our goal now is to prove the following theorem. 

Theorem 8. Assume that r = 2 and the fiber S of the superbundle F^j” is 
a super-Grassmanian of type a or b. Then we have 

»(Gl") - P8l,»|„(C). 

First of all let us compute the representation ip of the stabilizer H in 
these cases. Formula (19) tells us that the action of W in 5 coinsides with 
the restriction of this action on GL 2 | 2 (C)o. We need the following lemma: 

Lemma 5. The representation ip of H in the hber (Wo)o is completely 
reducible and its highest weights are: 
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!• f^m—l /^m? 1 /^m—1 -^n—1 /^m? Oj -|- fUj^yi Ajt,—! 

An—1 “1“ A^ fJjffi—i /^m? CHSG S.. 


2. fJjffi—l /^m; A^_l Ajt^, A^, A^_i /^m; 0? /^m—1 “1“ /^m Aj^—1 A^^? 

in case b, super-Grassmannians and F^j^. 

3* fJjrn—l An—1 An? f^m—1 An? An—1 /^ni? 0j /Xni—1 /^m H“ An—1 H“ An? 

Ilo Fj!?- 


in case b, super-Grassniannians F^!^ and F^'^ 


Proof. As in Section 3.2, we see that the nilradical of H and the subgroup 
GLm- 2 (C) X GL„_ 2 (C) in H act trivialy on S. The subgroup GL 2 (C) x 
GL 2 (C) acts in the natural way. Gonsider Decomposition (11). We computed 
already highest weights of gl 2 | 2 (C)o-module pgl 2 | 2 (C). They are 


pm—l pm: 1 ^n: pm—l 1 pmt 0- 


(28) 


Using the explicite description of D (F^j^) given by (8), (9) and (10), we get: 

d 

[Pm-ld{Eii) + p,md{E‘22) + ^n-ldiE^^) + A,i/i(i?44), (^—] = 

d 

{pm—l T pm A^_l 

d 

\Pm-lp{Eii) + Pmp{E22) + ^n-lp{E^f) + A,i/i(F 44 ), ?]—] = 

/ \ \ \ ^ 

( /^m—1 f^m An—1 An)^ 7 ^* 


Here Eu, where i = 1...4, are elementary matrices from gt 2 | 2 (^)o- The 
result follows. 

Let us prove the second statement. Gonsider F^j^ and decomposition (25) 
of t)(F^j 2 ). We see easily that the vector subspaces {6) and pgl 2 | 2 (C) are in¬ 
variant with respect to the action of the Lie algebra pgt 2 | 2 (T^)o- Again the 
vector space pgl 2 | 2 (C) was decomposed into a sum of irreducible representa¬ 
tions, see (20). The highest weights of '^|pgl 2 | 2 (C) are given by (28). Let us 
compute the highest weight of (6). The image of the Gartan subalgebra 


diag(/im_i,/im) X diag(A„_i, A„) 

with respect to the homomorphism p, : gl 2 | 2 (C)o —> chart (12) is 

given by 

XBll) = + &!;. XB.2) = -xA, 

d d 

piEss) = -^1-^, p{Eu) = - 6 ^- 
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We have 


[Aim-lh(-Sll) + hmh(-E'22) + + A,i/i(i?44), 9 ] — 

{fJ'm—l “1“ fJ'm An—1 ^n)9. 


The result follows. 

Computations in the cases F^jp and F^j^ are similar.□ 

Proof of Theorem 8. First of all let us compute the vector space of global 
sections of the vector bundle Wq using Theorem 1. The dominant highest 
weights of the representation ip are in case a: 

1 . 0 if m > 2 and n > 2 ; 

2. 0, Hi - H 2 , Hi - An, Hi + T 2 - An-i - An for m = 2 and n > 2; 

3. 0, Ai — A 2 , Ai — Hm, Ai + A 2 — Hm-i — Pm for m > 2 and n = 2. 

In case b for Os — F^j^ or F^j^ the dominant highest weights of ip are: 

1 . 0 for m > 2 , n > 2 ; 

2. 0, Hi - P2, Pi - An, Pi + P2- An-i - An for m = 2, u > 2; 

3. 0, Ai — A 2 , Ai — Hm, ioT m > 2, n = 2. 

In case b for Os — F^j^ or F^j^ the dominant highest weights of ip are: 

1 . 0 for m > 2 , n > 2 ; 

2. 0, Hi ~ p 2 , Hi — An for m = 2, n > 2; 

3. 0, Ai - A 2 , Ai - Hm, -Hm-i - /im + Ai + A 2 for m > 2, n = 2. 

We restrict all weights on the Cartan subalgebra of 5fo(C) ©sln(C) C 
gl^(C) © 0 [„(C). By Theorem 1, in case a we have: 


C, m > 2, n > 2; 

y^o{Eo) = { C©ri©r2©r3, m = 2, n > 2; 

C © r 4 © ts © te, m > 2, n = 2. 


212 

Without loss of generality we consider only the case b, Os — F^j 2 
We have 

C, m > 2, n > 2] 

bVo(i3o) ~ ^ C © ti © t 2 © t 3 , ?Ti = 2 , u > 2 ; 

C©r 4 ©r 5 , m>2,n = 2. 


or F 


2|2 

o|r 
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Here ti, t2, ts, r4, ts, re are irreducible 5 [m(C) ©s[n(C)-modules with highest 
weights /ii - fj,2, /ii - \n, 1^1+ 1^2- A„_i - A„, Ai - A2, Ai - fj,m and Ai + 
^2 — fJ'm-i —fJ'm, respectively, and C is the irreducible slm(C) ©sl„(C)-module 
with weight 0. 

We use notations of Theorem 4 . We have seen that V is invariant with 
respect to the action of Lie superalgebra p0t2|2(C). Consider the case a. In 

case >Vo(Ho) = C, we have H = C or { 0 }. Since p0t2|2(C) does not have any 
1 -dimensional ideals, the trivial module C is not p0l2|2(C)-invariant. Hence, 

V = { 0 }. Consider the case >Vo(i 3 o) ~ C © ti © r2 © ts. As in Proof of 
Theorem 4 , we see that any combination of iP-modules 7(C), 7(ri), 7(r2) 
and 7(r3) is not invariant with respect to p0t2|2(C), see explicit description 
(8), ( 9 ) and ( 10 ). Hence again V = { 0 }. We hnish the proof similarly to 
Theorem 4 . 

Other cases are similar.□ 

3.4 Main result 

We put ko = m, Iq = n. 

Theorem 9 . Assume that r > 1 and that we have the following restrictions 
on the Hag type: 


(kiji) ^ (/i;i_i,0), (0,/j_i), i > 2; 

(/Ci_i, k) ^ (1, - 1), (1, 1), i > 1; 

{ki-i,ki\li-i,li) {ki-i,ki-i - 1|1,0), (/ci-i, 1|1,1), i > 1; 



k\l 

7^ (0,..., 0|n, /s,..., Ir), k\l (m, k 2 ,..., kr\ 0 ,.. 

.,0). 

Then 










Ifk\l = 

(0,. 

. .,0|n,/2,... 

, Ir) or k\l = (m, A;2, • • •, 0,..., 0), 

then 




- Wmn €(/\(6, • • • , Cmn) O P0ln(C)), 


where Wmn 

= Der/\Ki,- 

• • ) ^mn ) • 



Note that the flag supermanifolds and F^[(" are isomorphic. 
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